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a b s t r a c t
If 1 ≤ n < ∞ and R ⊆ S are integral domains, then (R, S) is called an n-catenarian pair if for
each intermediate ring T (that is each ring T such that R ⊆ T ⊆ S) the polynomial ring in n
indeterminates, T[n] is catenarian. This implies that (R, S) ism-catenarian for allm < n. The
main purpose of this paper is to prove that 1-catenarian and universally catenarian pairs
are equivalent in several cases. An example of a 1-catenarian pair which is not 2-catenarian
is given.
© 2008 Elsevier B.V. All rights reserved.
0. Introduction
If R ⊆ S is an extension of commutative integral domains, a ring T is intermediate if R ⊆ T ⊆ S.We say that (R, S) is aP -pair
for some ring-theoretic propertyP if every intermediate ring T has propertyP . Finding necessary and sufficient conditions
for (R, S) to be aP -pair is an important problem, because often the concept ofP -pair andP ′-pair is equivalent even though
P andP ′ are not. One example is afforded by taking in the integrally closed case the propertiesP = universally catenarian
and P ′ = Jaffard (cf. [2, Lemme 2.1 and Théorème 3.3]).
In this paper we study the property of R being n-catenarian: The polynomial ring in n variables is catenarian. This implies
that R ism-catenarian for allm < n, and R is called universally catenarian if it is n-catenarian for all n < ∞. The main purpose
of this paper is to prove that the concepts of 1-catenarian pairs and universally catenarian pairs are equivalent in several
cases.
Our work is motivated by two papers. The first is [6] in which the second author and M. Ben Nasr constructed a non-
Noetherian integral domain T such that T[X] is catenarian and T is not universally catenarian. The second is [1], in which A.
Ayache et al. both introduced the notion of universally catenarian pairs (that is, pairs of domains (R, S) such that R ⊆ S and
each intermediate ring T is universally catenarian) and derived characterizations of such pairs in some interesting cases.
Before giving a summary of our results, we devote this paragraph to additional background. As in [7], we say that a
domain R is catenarian if R is locally finite-dimensional (LFD for short) and for each pair p ⊂ q of consecutive prime ideals of
R, ht(q) = ht(p)+ 1. Equivalently, if for any prime ideals p ⊂ q of R, all saturated chains of prime ideals of R between p and
q have the same length. Note that catenarity is not stable under adjunction of indeterminates. Thus, as in [7], a domain R is
said to be universally catenarian, if the polynomial extension R[n] = R[X1, . . . , Xn] is catenarian for each positive integer
n. Cohen–Macaulay domains [14] and LFD Prüfer domains are universally catenarian [9], and so LFD domains of global
dimension 2 [8], and domains of valuative dimension equals 1 [7].
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In Section 1, we settle the basic properties of n-catenarian pairs. Clearly an n-catenarian pair is an (n−1)-catenarian pair.
Thus we focus our study on 1-catenarian pairs. We provide an example of a 1-catenarian pair which is not 2-catenarian (see
Example 1.5).
Section 2 is devoted to the study of n-catenarian pairs where the first coordinate is a field. Lemma 2.1 states that, for any
integral domain R, if X and Y are two indeterminates over R, then (R[X], R[X, Y]) is never a 1-catenarian pair. This allows us
to prove that, when R is a field, then the concepts of 1-catenarian pairs and universally catenarian pairs are equivalent (see
Theorem 2.2). We explore the consequences of the previous result, such as a bound of the transcendence degree of the pair
(R, S) satisfying the 1-catenarian property. Perhaps the most surprising of these consequences, Corollary 2.5 indicates that
any 1-catenarian pair satisfies a week form of INC.
In Section 3, we characterize 1-catenarian pairs (R, S) in case (R, S) is a residually algebraic pair and we show, in this
case, that (R, S) is a 1-catenarian pair and R∗ (the integral closure of R in S) is universally catenarian iff (R, S) is a universally
catenarian pair (Corollary 3.3). A key lemma (Lemma 3.1) for proving this result shows that, if (R, S) is a 1-catenarian pair,
then for each intermediate ring A, the extension A ⊆ A∗ satisfies the altitude formula. A characterization of 1-catenarian
pairs is given when R ⊆ S is an integral extension.
Section 4 investigates n-catenarian pairs (R, S) when S is a field. Theorem 4.2 shows that in this case, the concepts of
1-catenarian pairs and universally catenarian pairs are equivalent.
In addition to the above notations, we let “⊂” denote proper inclusion. If R is a ring, we let qf(R) denote the field of
fractions of R. The set of prime (resp., maximal) ideals of R is denoted by Spec(R) (resp., Max(R)) and for a ring extension
R ⊆ S, we denote by tr.deg[S : R] the transcendence degree of qf (S) over qf (R). Any unexplained material is standard as
in [13].
1. Preliminary results
We begin by recalling some terminology of [10]. Let S be a ring, let I be an ideal of S, let D be a subring of S/I and let R be
the subring of S formed by the elements the class of which is in Dmodulo I. We, thus, obtain a pullback construction:
R −→ D
↓ ↓
S −→ S/I
Following [10], we say that R is the ring of the (S, I,D) construction, and we set R := (S, I,D). We next collect some useful
facts. The next proposition is elementary.
Proposition 1.1. Let R ⊆ S be an extension of integral domains. Then the following statements are equivalent:
(i) (R, S) is an n-catenarian pair.
(ii) (N−1R,N−1S) is an n-catenarian pair for each multiplicative subset N of R.
(iii) (RP, SP) is an n-catenarian pair for each prime ideal P of R.
(iv) (RM, SM) is an n-catenarian pair for each maximal ideal M of R.
(v) (R/Q ∩ R, S/Q) is an n-catenarian pair for each prime ideal Q of S.
Proof. Note that each ring between the localization of R and S is clearly the localization of a ring between R and S and that
each ring T between R/P and S/Q is the homomorphic image of a ring between R and S (considering a pullback namely the
ring T1 of the construction (S,Q, T)). On the other hand, notice that the n-catenarity notion is stable under localization and
quotient. Thus in both cases, each ring in between is n-catenarian. 
Proposition 1.2. Let n be a nonzero integer greater than 2. If (R, S) is an n-catenarian pair, then it is an (n− 1)-catenarian pair.
Proof. Let T be an intermediate ring, then T[n] = T[X1, . . . , Xn] is catenarian. As T[n− 1] = T[X1, . . . , Xn−1] ' T[n]/(Xn)T[n],
then it is also catenarian. 
Recall that an integral domain T is said to be strong S, if for each two consecutive prime ideals of T, p ⊂ q, the extended
primes p[X] ⊂ q[X] are consecutive in Spec(T[X]). If R ⊆ S is a ring extension, then (R, S) is said to be a strong S-pair, if each
intermediate ring T between R and S is strong S [5]. The next result established the relationship between n-catenarian pairs
and strong S-pairs.
Proposition 1.3. (a) If (R, S) is a 1-catenarian pair, then it is a strong S-pair.
(b) If (R, qf(R)) is a 1-catenarian pair, then R′ is a Prüfer domain.
Proof. (a) This follows readily from the fact that, if T[X] is catenarian, then T is a strong S-domain [7].
(b) This follows readily from the fact that (R, qf (R)) is a strong S-pair iff R′ is a Prüfer domain (cf. [3, Théorème 5.1]). 
In what follows we establish a kind of relationship between residually algebraic pairs and n-catenarian pairs. Recall that
an extension of integral domains R ⊆ S is residually algebraic if for each prime ideal Q of S, S/Q is algebraic over R/(Q∩R) [11].
The pair (R, S) is said to be residually algebraic if for each intermediate ring T, the extension R ⊆ T is residually algebraic [4,
Definition 2.1].
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Corollary 1.4. Let (R, S) be an n-catenarian pair. Then for each intermediate ring T and for each maximal ideal Q of T, we have:
(i) T/Q is algebraic over R/P, where P = Q ∩ R.
(ii) (R/P)′ is a Prüfer domain.
(iii) (R+ Q, T) is a residually algebraic pair.
Proof. (i) Consider the ring R+Q of the (T,Q, R/P) construction. Since R+Q is an intermediate ring, then it is n-catenarian
and hence strong S. Thus according to [12, Théorème 1.1], R/P ⊆ T/Q is an algebraic extension.
(ii) By Proposition 1.1, (R/P, T/Q) is an n-catenarian pair and since T/Q is a field, then (R/P, qf(R/P)) is also an n-catenarian
pair. Thus using Proposition 1.3, (R/P)′ is a Prüfer domain.
Assertion (iii) is straightforward and we omit its proof. 
The next example provides a 1-catenarian pair (R, S)which is not 2-catenarian.
Example 1.5. Let T be a domain which is two-dimensional, integrally closed, Noetherian and coequi-dimensional; let I be a
height one prime ideal of T; let K be a field contained in T/I and S := (T, I, K). Assume that :
(i) tr.deg[T/I : K] ≥ 2.
(ii) For each prime ideal q of T properly containing I, tr.deg[T/q : K] = 0.
(iii) There exists two maximal ideals M1 and M2 of T not containing I with S/M1 ' S/M2 ' K.
Denote J = M1 ∩M2 and R := (S, J, K). Then (R, S) is a 1-catenarian pair which is not 2-catenarian.
Proof. By [6], S[X] is catenarian, whereas S[X, Y] is not catenarian. Hence (R, S) is not a 2-catenarian pair.
Since the only intermediate rings are R and S, then to prove that (R, S) is a 1-catenarian pair, it will be enough to show
that R[X] is catenarian. For this end we may establish that the integral extension R ⊂ S satisfies the altitude formula. Let
Q ∈ Spec(S) and P = Q ∩ R. If J 6⊆ Q , then ht(Q) = ht(P) (since SQ = RP). If J ⊆ Q , then Q = M1 or Q = M2, hence
J = M1 ∩ R = M2 ∩ R. But htS(M1) = htS(M2) = htR(J) = 2, the desired conclusion. 
In order to illustrate this result we consider a field K and t, u two algebraically independent indeterminates over K. We
take T = K[u][[t]], S = K + uK[u][[t]] and the height one prime ideal of T, I = uK[u][[t]]. We set M1 = ((u− 1, t)T) ∩ S and
M2 = ((u− 2, t)T) ∩ S. M1 and M2 are two maximal ideals of S of height 2.
2. n-catenarian pairs with first coordinate a field
In [1], it was proved that, for any integral domain R, the pair (R, R[X, Y])where X and Y are two indeterminates over R, is
never a universally catenarian pair. In what follows we improve this result.
Lemma 2.1. Let R be an integral domain and X, Y two indeterminates over R, then (R[X], R[X, Y]) is never a 1-catenarian pair.
Hence it is never an n-catenarian pair, for each integer n ≥ 1.
Proof. We use the same idea as in [1]. Localizing R at the multiplicative subset N = R \ {0}, we can assume that R is a field k.
Let t be an indeterminate over the field k. The transcendence degree of the formal power series ring k[[t]] over k is infinite.
Hence we can find another indeterminate z over k(t) of the form z = a0 + artr + · · ·with ar 6= 0. If u = ar tr−1z−a0 , then {t, u} is an
algebraically independent system over k. Let D = k[t, u] and K = qf (D). Denote by V the discrete valuation domain k[[t]] ∩ K.
V is of the form k+MwhereM = tk[[t]]∩K is themaximal ideal of V . Let T = V∩D and Q1 = M∩T, Q1 is a height onemaximal
ideal of T (in fact TQ1 = V). On the other hand, since k[t] ⊆ T ⊆ k[t, u] we can write T = k + Q2 where Q2 = (t, u)k[t, u] ∩ T.
Q2 is an height 2 maximal ideal of T. Let I = Q1 ∩ Q2 and set S = k+ I. Let Z be an indeterminate over S. Our task is to show
that S[Z] is not a catenarian domain. To this end, we seek s1 ∈ Q1 \ Q2 and s2 ∈ Q2 \ Q1 such that s1 + s2 = 1. Consider, now,
the following prime ideals of S[Z]:
P ′ = ((Z − s2)T[Z]) ∩ S[Z] and P = (Q1 + (Z − s2)T[Z]) ∩ S[Z].
It is obvious thatP ′ andP are prime ideals of S[Z]. We claim thatP ′ ⊂ P are consecutive. Indeed, suppose that there exists
a prime idealL of S[Z] such that P ′ ⊂ L ⊂ P . Two cases may occur:
Case 1. I[Z] ⊆ L.
Notice that P is an upper to I, so that I[Z] ⊆ L ⊂ P implies that I[Z] = L. Consider now the polynomial f =
(Z − s2)(Z − s1) = Z2 − Z + s1s2. It is obvious that f ∈ (Z − s2)T[Z] and s1s2 ∈ I ⊆ S, then f ∈ S[Z]. Thus f ∈ P ′ but
f 6∈ I[Z] = L, a contradiction.
Case 2. I[Z] 6⊆ L.
The chain P ′ ⊂ L ⊂ P lifts in T[Z] toQ′ ⊂ H ⊂ Q whereQ′ = (Z − s2)T[Z] [10, Proposition 4]. Therefore htT[Z](Q) ≥ 3,
then htT(Q∩ T) ≥ 2. But I ⊆ Q∩ T, henceQ∩ T = Q2 since htT(Q1) = 1. On the other hand, we have Z− s2 ∈ Q, s2 ∈ Q2, this
yields Z ∈ Q and thus Z ∈ Q ∩ S[Z] = P . Therefore Z ∈ Q1 + (Z − s2)T[Z], so s2 = Z − (Z − s2) ∈ (Q1 + (Z − s2)T[Z]) ∩ T = Q1,
a contradiction.
As a conclusion P ′ ⊂ P are consecutive prime ideals of S[Z].
However htS[Z](P ) = htS[Z](I[Z])+1 ≥ htS(I)+1 = htS(Q2∩S)+1 ≥ htT(Q2)+1 = 3 and htS[Z](P ′) = 1 since P ′∩S = (0).
Then ht(P ) > ht(P ′)+ 1 which implies that S[Z] is not catenarian. 
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We now characterize the n-catenarian pairs when the first coordinate is a field.
Theorem 2.2. Let k ⊂ S be a ring extension where k is a field. Then the following statements are equivalent:
(i) (k, S) is a universally catenarian pair.
(ii) (k, S) is a 1-catenarian pair.
(iii) There exists n ≥ 1 such that (k, S) is an n-catenarian pair.
(iv) For each intermediate ring T, dim(T) ≤ 1.
(v) tr.deg[S : k] ≤ 1.
Proof. (i) ⇔ (iv) ⇔ (v) follows readily from [1, Theorem 2.2].
(i) ⇒ (iii) is trivial.
(iii) ⇒ (ii) follows from Proposition 1.2.
(ii) ⇒ (v) Suppose that tr.deg[S : k] ≥ 2, thenwe can find two elements of S, X and Y, which are algebraically independent
over k. Hence T = k[X, Y] is an intermediate ring and Lemma 2.1 gives a contradiction. 
Remark 2.3. If (R, S) is a 1-catenarian pair, then R ⊂ Smay be not an algebraic extension. It will suffice to consider the pair
(k, k[X])when k is a field.
Among the several interesting consequences of Theorem 2.2, we limit ourselves to pointing out the following two
corollaries.
Corollary 2.4. If (R, S) is a 1-catenarian pair, then dim(S) ≤ dimv(R) + 1. If moreover R is a Jaffard domain, then dim(S) ≤
dim(R)+ 1.
Proof. Let N = R \ {0}. The pair (N−1R,N−1S) is 1-catenarian (Proposition 1.1). Since N−1R is a field (it is the field of fractions
of R), then by Theorem 2.2, we have tr.deg[S : R] ≤ 1. Therefore, by [2, Lemme 1.1] we get:
dim(S) ≤ dimv(S) ≤ dimv(R)+ tr.deg[S : R] ≤ dimv(R)+ 1. ♦
Notice that, if (R, S) is a 1-catenarian pair, then R may be not a Jaffard domain, to see this it will suffice to consider
Example 1.5 in which R is not Jaffard.
The next corollary shows that 1-catenarian pairs exhibit a property shared by all polynomial extensions [13, Theorem
37].
Corollary 2.5. Let (R, S) be a 1-catenarian pair. If T is an intermediate ring and Q1 ⊂ Q2 ⊂ Q3 is a chain of prime ideals of T, then
Q1 ∩ R ⊂ Q3 ∩ R.
Proof. Let T be an intermediate ring and Q = Q1 ⊂ Q2 ⊂ Q3 be a chain of prime ideals of T. Suppose that Q1 ∩R = Q3 ∩R = P.
Proposition 1.1 guarantees that (RP/PRP, TP/QTP) is a 1-catenarian pair. Thus by Corollary 2.4, we obtain dim(TP/QTP) ≤ 1.
However, the chain formed by the primes QiTP/QTP reveals dim(TP/QTP) ≥ 2, a contradiction. 
3. The case (R, S) is a residually algebraic pair of rings
Theorem 3.2 identifies n-catenarian pairs (R, S), when (R, S) is a residually algebraic pair. Before stating this result, we
establish a lemma which serves both to motivate this theorem and to dispatch the difficult implication in its proof.
Lemma 3.1. If (R, S) is a 1-catenarian pair, then for each intermediate ring A, the integral extension A ⊆ A∗ satisfies the altitude
formula.
Proof. By way of contradiction, assume that the extension A ⊆ A∗ does not satisfy the altitude formula. Then there exists
a prime ideal Q1 of A∗ such that htA∗(Q1) < htA(P), where P = Q1 ∩ A. By [13, Theorem 46] we can find a prime ideal Q2 of
A∗ with Q2 ∩ A = P and htA∗(Q2) = htA(P). Q1 and Q2 are incomparable. With no loss of generality, we can suppose that A is
local, P is its maximal ideal, hence Q1 and Q2 will be maximal ideals of A∗. Let us denote I = Q1 ∩Q2 and consider the domain
T = A+ I. T and A∗ share the same ideal I. As T is catenarian we, already, conclude that htA∗(Q1) = 1 and htA∗(Q2) ≥ 2. Since
Q1 + Q2 = A∗, we can choose t′ ∈ Q1 and t ∈ Q2 such that t′ + t = 1.
Consider now the prime ideals of T[X]:
P ′ = ((X − t)A∗[X]) ∩ T[X] and P = (Q1 + (X − t)A∗[X]) ∩ T[X].
The same techniques used in the proof of Lemma 2.1, enable us to claim that P ′ ⊂ P are consecutive prime ideals of T[X],
ht(P ) ≥ 3 and ht(P ′) = 1.
Hence ht(P ) > ht(P ′)+ 1, thus T[X] is not catenarian. The desired contradiction. 
Theorem 3.2. Let (R, S) be a residually algebraic pair. Then the following statements are equivalent:
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(i) (R, S) is a 1-catenarian pair (resp., an n-catenarian pair).
(ii) R∗[X] is catenarian (resp., R∗[n] is catenarian) and the extension R ⊆ R∗ satisfies the altitude formula.
Proof. (i) ⇒ (ii) follows from Lemma 3.1.
(ii) ⇒ (i) Let T be an intermediate ring. It follows from [1, Lemma 4.2], that R ⊆ T, and R ⊆ T∗ satisfy the altitude formula.
Now, by [2, Lemme 3.1] and the fact that R ⊆ R∗ satisfies the altitude formula, the extension T ⊆ T∗ also satisfies the altitude
formula. On the other hand, for each prime ideal Q∗ of T∗, we have T∗Q∗ = R∗Q∗∩R∗ [4, Theorem 2.10]. But R∗[X] is catenarian,
then so is T∗[X]. According to [2, Lemme 3.5 and Lemme 3.6] one can check easily that T[X] is catenarian, which completes
the proof. 
We derive the following.
Corollary 3.3. Let (R, S) be a residually algebraic pair. Then the following statements are equivalent:
(i) (R, S) is a 1-catenarian pair and R∗ is universally catenarian.
(ii) (R, S) is a universally catenarian pair.
Proof. (ii) ⇒ (i) Trivial.
(i) ⇒ (ii) This follows from Lemma 3.1 and [1, Corollary 4.4]. 
Corollary 3.4. Let R ⊆ S be an integral extension. Then the following statements are equivalent:
(i) (R, S) is a 1-catenarian pair (resp., an n-catenarian pair).
(ii) The extension R ⊆ S satisfies the altitude formula and S[X] is catenarian (resp., S[n] is catenarian).
Corollary 3.5. Let R ⊆ S be an integral extension. Then the following statements are equivalent:
(i) (R, S) is a 1-catenarian pair and S is universally catenarian.
(ii) (R, S) is a universally catenarian pair.
4. n-catenarian pairs with second coordinate a field
Themain purpose of this brief section is to characterize 1-catenarian pairs (R, S), in case S is a field containing R. We begin
by considering the case when S is the field of fractions of R.
Proposition 4.1. Let R be an integral domain. Then the following statements are equivalent:
(i) (R, qf (R)) is a 1-catenarian pair.
(ii) There exists an integer n ≥ 1, such that (R, qf (R)) is an n-catenarian pair.
(iii) (R, qf (R)) is a universally catenarian pair.
(iv) R′ is a Prüfer domain and the extension R ⊆ R′ satisfies the altitude formula, (where R′ denotes the integral closure of R).
Proof. (i) ⇒ (ii) Trivial (take n = 1).
(ii) ⇒ (i) Follows from Proposition 1.3.
(iii) ⇒ (i) Trivial.
(iii) ⇔ (iv) This follows readily from [2, Théorème 3.8].
(i) ⇒ (iv) This follows by combining Proposition 1.3 and Lemma 3.1. 
The next theorem treats the case where S is an arbitrary field extension of R.
Theorem 4.2. Let R be a domain and L a field containing R. Assume that R is not a field. Then the following statements are
equivalent:
(i) (R, L) is a 1-catenarian pair.
(ii) There exists an integer n ≥ 1, such that (R, L) is an n-catenarian pair.
(iii) (R, L) is a universally catenarian pair.
(iv) R ⊆ R′ satisfies the altitude formula, R′ is a Prüfer domain and the extension R ⊆ L is algebraic.
(v) (R, L) is a residually algebraic pair and the extension R ⊆ R satisfies the altitude formula (where R denotes the integral closure
of R in L).
Proof. (i) ⇒ (ii) Trivial (take n = 1).
(ii) ⇒ (i) Follows from Proposition 1.2.
(iii) ⇔ (iv) ⇔ (v) Follows from [1, Theorem 3.5].
(iii) ⇒ (i) Trivial.
(i) ⇒ (iv) Since (R, L) is a 1-catenarian pair, then it is a strong S-pair (Proposition 1.3). According to [1, Theorem 3.1 and
Corollary 3.3], R′ is a Prüfer domain and R ⊂ L is an algebraic extension. Now using Proposition 4.1, the extension R ⊆ R′
satisfies the altitude formula, since (R, qf (R)) is a 1-catenarian pair. 
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